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Lots of characters
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Who could expect to become a godparent?

Parent of

Violet Robert
Robert Mary
Robert Edith
Robert Sybil
Cora Mary
Cora Edith
Cora Sybil

Parent of

⋮ ⋮
Mary George
Matthew George
Sybil Sybbie
Tom Sybbie
Edith Marigold
Gregson Marigold

Baby George Marigold Sybbie

Fond of

Mary Carson
Carson Mary
Kuragin Violet
Violet Kuragin
Robert Bates
Bates Robert
Edith Drewe
Drewe Edith
Sybil Gwen
Gwen Sybil
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The Database as a Graph

Violet Kuragin

Bates Robert Cora

Gregson Edith MarySybil Tom Matthew

Marigold Drewe Gwen Sybbie Carson George

Who could expect to become a godparent?

𝒬1 ≔ Ans(𝑥) ← F(𝑥, 𝑦), F(𝑦, 𝑥), P(𝑦, 𝑧), B(𝑧)
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Who could expect to become a godparent?

Violet Kuragin

Bates Robert Cora

Gregson Edith← Mary←Sybil← Tom Matthew

Marigold
↑

Drewe
↑

Gwen
↑

Sybbie
↑

Carson
↑

George
↑

𝒬1:

y

x z

J𝒬1K(𝐷) = {Drewe,Gwen, Carson}
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A quick (and simplified) recap on

Acyclic Conjunctive Queries
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Evaluating Acyclic Conjunctive Queries

Conjunctive Queries (CQ, ACQ)
A CQ 𝒬 with free(𝒬) = x looks like this:

Ans(x) ← 𝛼1(x1), 𝛼2(x2), … , 𝛼𝑛(x𝑛)

𝒬 is acyclic, if it has a join tree.
In particular, a binary 𝒬 is acyclic, if it “looks like a tree”.

Theorem (Yannakakis 1981)
There exists an algorithm that computes J𝒬K(𝐷) in time
𝒪(|𝐷| ⋅ |J𝒬K(𝐷)|) for every database 𝐷 and every ACQ 𝒬.

Data Complexity — Assume 𝒬 to be constant.
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Constant Delay Enumeration: Refined runtime

Yannakakis

enum(𝒬1, 𝐷)
··· ··· 𝒪(??)

out 1: Drewe
··· ··· 𝒪(??)

out 2: Gwen
··· ··· 𝒪(??)

out 3: Carson
··· ··· 𝒪(??)

out: EOE

⎫
}
}
}
}
}
}
}
⎬
}
}
}
}
}
}
}
⎭

𝒪
(|𝐷

|⋅
|J𝒬

1
K(

𝐷
)|)

Bagan, Durand, Grandjean

enum(𝒬1, 𝐷)
··· ··· 𝒪(|𝐷|)

eop, num: 3

··· ··· 𝒪(1)
out 1: Drewe

··· ··· 𝒪(1)
out 2: Gwen

··· ··· 𝒪(1)
out 3: Carson

··· ··· 𝒪(1)
out: EOE

⎫
}
}
}
}
}
}
}
}
}
⎬
}
}
}
}
}
}
}
}
}
⎭

𝒪
(|𝐷

|+
|J𝒬

1
K(

𝐷
)|)
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A fancy result

Theorem (Bagan, Durand, Grandjean 2007)
There is an enumeration algorithm that enumerates J𝒬K(𝐷)
with constant delay after preprocessing in time 𝒪(|𝐷|), for
every 𝐷 and every free-connex ACQ 𝒬.

Definition (Free-connex ACQs)
A CQ 𝒬 is free-connex acyclic, if 𝒬 and 𝒬 + 𝑅(x) are acyclic,
where x = free(𝒬).

In particular: A binary 𝒬 is free-connex acyclic, if it is acyclic
and free(𝒬) induces a connected subgraph.
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Can we do better?
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Our Idea: Precompute an index

Indexing Phase
Build a data structure DS𝐷 in time 𝑡.

Evaluation Phase
Enumerate J𝒬K(𝐷) with constant delay after preprocessing in
𝒪(|DS𝐷|).

Theorem
For every binary free-connex ACQ 𝒬, we can enumerate
|J𝒬K(𝐷)| with constant delay after 𝒪(|𝐷col|) preprocessing.

𝐷col is constructed using Color Refinement.
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Identify similar nodes using Color Refinement

Color Refinement
Initial: 𝑢, 𝑣 get different colors, iff different unary relations.
Iterate: 𝑢, 𝑣 get different colors, if colors of neighbors differ.

Violet→ Kuragin←

Bates→ Robert← Cora←

Gregson
↓

Edith← Mary→Sybil← Tom← Matthew
↓

Marigold
↑

Drewe
↑

Gwen
↑

Sybbie
↑

Carson
↑

George
↑

2
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Create the color database 𝐷col

Violet
↓

Kuragin←

Bates→ Robert← Cora
↓

Gregson
↓

Edith← Mary
↓

Sybil← Tom← Matthew
↓

Marigold
↑

Drewe
↑

Gwen
↑

Sybbie
↑

Carson
↑

George
↑

1

3 3

1 1

1 1

1 1 1

3 3

3 3

1
1

1
1

11
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Evaluating queries using 𝐷col .
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Evaluate 𝒬1 over 𝐷col

𝒬1:

y

x z

enum(𝒬1, 𝐷col)
··· ··· 𝒪(|𝐷col|)

eop, num: 1

··· ··· 𝒪(1)
out 1: •
list(𝐷, •)

··· ··· 𝒪(1)
out: EOE

𝐷col:

3

1

3

1 1

1 1

1 1 1

3→ 3

3
↑

3
↑

1
1

1
1

11
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Evaluate 𝒬1 over database

𝐷: Violet Kuragin

Bates Robert Cora

Gregson Edith MarySybil Tom Matthew

Marigold Drewe
↑

Gwen
↑

Sybbie Carson
↑

George

list(𝐷, •)··· ···Drewe··· ···Gwen··· ···Carson1

𝒪(1) 𝒪(1) 𝒪(1)

Enumerated J𝒬1K(𝐷) with const. delay after 𝒪(|𝐷col|) preprocessing!

[1]: Need additional data structures to do this with constant delay.

Benjamin Scheidt — hu.berlin/almoth24 12/15

https://hu.berlin/almoth24


Evaluate 𝒬2 over 𝐷col

𝒬2:

x z

w y

enum(𝒬2, 𝐷col)
··· ··· 𝒪(|𝐷col|)

eop, num: 2

··· ··· 𝒪(1)
out 1: •, •
list(𝐷, P(•, •))

··· ··· 𝒪(1)
out 2: •, •
list(𝐷, P(•, •))

··· ··· 𝒪(1)
out: EOE

𝐷col:

3

1

3

1 1

1
↓

1
↓

1→ 1 ← 1

3→ 3

3→ 3

1
1

1
1

11
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Evaluate 𝒬2 over database

𝐷: Violet→ Kuragin

Bates Robert← Cora

Gregson Edith→ Mary→Sybil→ Tom Matthew

Marigold Drewe Gwen Sybbie Carson George

list(𝐷, P(•, •))··· ···(Violet, Robert)
list(𝐷, P(•, •))··· ···(Robert, Edith)

··· ···(Robert, Sybil)
··· ···(Robert, Mary)

𝒪(1)

(Need additional data structures to do this with constant delay.)
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I lied to you.

This is just the idea.

It is more complicated — but not much.
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Main Result & Outlook

Theorem
For every binary free-connex ACQ 𝒬, after 𝒪(|𝐷col|)
preprocessing, we can return the number of result tuples
|J𝒬K(𝐷)| and enumerate them with constant delay.

• 𝐷col has to be computed only once: 𝒪(|𝐷| ⋅ log |𝐷|).
• |𝐷col| at most 𝒪(|𝐷|), smaller if db has “good” structure.

Outlook:

• Generalize to arbitrary schemas (not trivial).
• Only 𝑑 iterations works for queries of height ≤ 𝑑.
• DBs are rarely static. How to avoid recomputing the index?
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Color Refinement counts homomorphisms

Why does this work?

Theorem (Dvořák 2010; Dell, Grohe, Rattan 2018)
Two vertices 𝑢, 𝑣 ∈ 𝑉 (𝐺) have different colors if, and only if,
there is a rooted tree (𝑇 , 𝑟) such that

|{ℎ ∈ hom(𝑇 , 𝐺) ∣ ℎ(𝑟) = 𝑢}|
≠ |{ℎ ∈ hom(𝑇 , 𝐺) ∣ ℎ(𝑟) = 𝑣}|
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