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Our Result
Hypergraphs
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Counting homomorphisms is a hot topic!

Many (classical and recent) results on graphs of the following
form:

Theorem
Let G, H be graphs and C a class of graphs.

Homq(G) =Hom¢(H) < G=xH

homomorphism indistinguishable over C
X may be
- a logic

- an algorithm
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An incomplete history of homomorphism indistinguishability

G and H homomorphism indistinguishable over

- Lovasz 1967 — all graphs iff isomorphic

- Dvorak 2010; Dell et al. 2018 — Graphs of tree-width < k iff
indistinguishable by Ck+1

- Grohe 2020a — Graphs of tree-depth < m iff
indistinguishable by C,,

- Boker 2019 — Berge-acyclic hypergraphs iff
indistinguishable by Colour Refinement
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What about hypergraphs?
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Main Result - Counting what...?

Theorem
Let G, H be hypergraphs, k € N;.

HomGHWk(G) = HomGHWk(H) — G EGCk H

Theorem (Dvorak 2010)
Let G, H be graphs, k € IN5,.

HomTWk(G) = HomTWk(H) — G Eck+1 H

GC*is a new logic introduced by us.
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What are Hypergraphs?

A hypergraph H is a finite set V(H) of vertices and a finite
multiset E(H) of edges e C V(H).
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Incidence Graphs

Definition
The incidence graph Iy = (R, B,E) of H is defined as:

R=V(H) B = E(H) (e,v) eE & ve fyle)

i.e. draw an edge if v is contained in the hyperedge e.
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Caution when dealing with homomorphisms

Definition (Homomorphisms on Hypergraphs)
Let hy : V(H) — V(G) and hg : E(H) — E(G). (hy, hg) is a
homomorphism from G to H if for all e € E(G):

fuhe(@) = {hy(0) | v € fgle) }

F

Boker 2019 implicitly shows that this is not problematic

Definition (Homomorphisms on Incidence Graphs)
Let hR 5 R(IG) s R(IH) and hB o B(IG) g B(IH) (hR/ hB) is a
homomorphism from I to Iy if:

(e,0) € E(Ig) = (hg(e), hr(v)) € E(Iy)
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Introducing GCk — The Basics

- Blue and red Variables
VAR = {eq, ..., &) represent edges

U {vy,vy,03, ...} represent vertices

- Attached guard function g : Ny, — [k]

Ay = /\ E(eg(i), v3) “v; € flegi)”
iedom(g)

Ag =T for dom(g) = @

- red variables are always guarded by some blue variable
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GC* - Example

Find ¢ that expresses:

All hyperedges containing at least 3 vertices are pair-
wise disjoint.
Q= _‘321(31/ e) . ( T A (me1 = e Aot disjoint A ¥>3 vertices))
Ggrd
with
Yot disjoint = EIZ1(7)1) E(elzvl) A E(C’;/ Ul

" je(1,2}
Guard

U35 vertices = [\ 33(01) - (E(e,01) A E(ej, 1))

je(1,2) ———
Guard
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About that Proof...

Step 1: Relate homomorphisms over hypergraphs and
incidence graphs
- Recall: They are not the same!
- Boker 2019 already did all the work
Step 2: Relate ghw and a restricted variant
- Manageable with the right idea
- Gives us an inductive characterisation
Step 3: Relate restricted variant and logic GC*
- Adapt beautiful machinery in spirit of
Courcelle 1993 to incidence graphs
- Nasty — Like getting two cats to the vet using
a single pet carrier 4y @ ¥
- Stuff one cat in the box and the other

escapes — Repeat until they accept their fate
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Concluding Remarks

Theorem
The following statements are equivalent:

1. Ex. ¢ € GC* st Ic e and Iy ¥ @
2. Ex. F with ghw(F) < k s.t. hom(F, G) # hom(F, H)
So...

- ..how hard is it to compute the homomorphism vector?
..EF-games for Gck?

- ..does Grohe 2020a generalise to hypertree-depth?
..k-WL on hypergraphs? Ongoing work!
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On Hypertree Decompositions

Definition (Gottlob et al. 2002)
A complete, generalised hypertree decomposition
D := (T, cover, bag) of H is a tree T with functions
cover : V(T) — E(H) and bag : V(T) — V(H) st.
1. Fa. e€ E(H) ex. n € V(T) s.t. e € cover(n) and f(e) C bag(n)
2. Fa. v € V(H) the subgraph T, induced by
Vy,={neV(T) | v ebag(n)} is a tree.
3. Fa. n e V(T) we have bag(n) C Ueecover(n) f(e).
4. Fa. n € V(T) we have bag(n) = UEGCOW(H) f(e).

5. Fa. e € E(H) the subgraph T, induced by
V,:={n e V(T) | e € cover(n)} is a tree.
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GC* — Atomic formulas

Ay Ap) € GC* for atomic formulas:

* ¢ = E(¢;,v) and j € dom(g)
“ @ = e=¢andg =0
* ¢ = v;=v;and i,j € dom(g)
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GC* — Simple Recursive Cases

1If (Ag Ag) €GCF
- then (A, A =p) € GC*

2.If (AfAa) €GC* and (A, AP) €GCF
- And f(i) =h(i) fa. iedom(f)ndom(h)

- then (A A(aAB)) €GCt
- forg=fUh
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GC* — Advanced Recursive Cases

3. If(Afnp) € G and iy, ..., ig € dom(f)
- then (Ag A 3(v;, .., v;) . (A A @) € GC*
- forg = f—{iy, ..., 1}

4 If(AfAngpe GCk) and e, ... ¢;, are free
-+ then (Ag A 37y, .. ,6)(Bp A ¢)) € 6C*
- For every g that safely transitions guards
- dom(g) = dom(f) and
- g@0) = £() or
- g() € iy, ..., i} or
- g(d) ¢ img(f)
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